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In the present study, the eﬀects of radiation on MHD free convection from a cylinder
with partial slip in a Casson ﬂuid in non-Darcy porous medium is investigated. The
surface of the cylinder is heated under constant surface temperature with partial slip.
Partial slip factors are considered on the surface for both velocity and temperature.
The boundary layer equations are normalized into a system of non-similar partial
diﬀerential equations and are then solved using a bi-variate quasilinearization
method (BQLM). The boundary layer velocity and temperature proﬁles are computed
for diﬀerent values of the physical parameters. Increasing the Forchheimer parameter
decreases the temperature proﬁles. The decrease of the velocity proﬁles with the
increase in magnetic parameter is more enhanced in the presence of the velocity slip
factor. Increasing the Eckert number increases the temperature proﬁles in both
suction and blowing cases. This study considers the unique problem of the eﬀect of
transpiration in a Casson ﬂuid in the presence of radiation, a magnetic ﬁeld, and
viscous dissipation. The results obtained in this study are compared with other
numerical methods and were found to be in excellent agreement.
Keywords: Casson ﬂuid; partial slip; viscous dissipation; bi-variate quasilinearization
method
1 Introduction
The ﬂow of non-Newtonian ﬂuids is applied in many situations in industry such as pro-
cessing of materials and chemical engineering. These ﬂuids show diﬀerent characteristics
from the Newtonian ﬂuids which cannot be fully represented by the Navier-Stokes equa-
tions. To represent these non-Newtonian ﬂuids some modiﬁcations to the Navier-Stokes
equations are used and these are seen in many research works which studied viscoelastic
and micropolar ﬂuids [, ]. These ﬂuids are categorized as viscoelastic, thixotropic, and
power-law ﬂuids. The constitutive equations of such ﬂuids cannot fully represent the ac-
tual behavior of these ﬂuids. These ﬂuids include contaminated lubricants, molten metal,
synovial ﬂuids, etc.
The study of radiation eﬀects on MHD free convection of a Casson ﬂuid in porous
medium with partial slip is an important aspect due to its practical application in the
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design of automatic cooking machines and the design of internal engine parts in mechan-
ical engineering. Other examples arise in petroleum production, multiphase mixtures,
pharmaceutical formulations, coal in water, paints, lubricants, jams, sewage, soup, blood.
There has been a signiﬁcant improvement in the study of non-Newtonian ﬂuids in which
many diﬀerent situations have been considered. Studies in a Casson ﬂuid include work by
among others Mukhopadhyay et al. [] and Nadeem et al. [].
Several research workers have studied radiation eﬀects, these include Kameswaran et al.
[] who studied radiation eﬀects on hydromagnetic Newtonian liquid ﬂow due to an ex-
ponentially stretching sheet. They studied radiation eﬀects in the presence of a magnetic
ﬁeld, advancing the studies of radiation eﬀects in Newtonian ﬂuids. Shateyi and Marewo
[] investigated numerical analysis of MHD stagnation point ﬂow of a Casson ﬂuid, they
considered thermal radiation in their work. Chamkha et al. [] studied thermal radiation
eﬀects on MHD forced convection ﬂow adjacent to a non-isothermal wedge in the pres-
ence of a heat source or sink. Pramanik [] studied Casson ﬂuid ﬂow and heat transfer
past an exponentially porous stretching surface in the presence of thermal radiation.
The study of ﬂuid ﬂow in the presence of a magnetic ﬂuid has also been performed
by many authors, among others Ece [], who investigated free convection ﬂow about a
cone under mixed thermal boundary conditions and a magnetic ﬁeld. Narayana et al. []
studied free magnetohydrodynamic ﬂow and convection from a vertical spinning cone
with cross diﬀusion eﬀects. Nadeem et al. [] studied numerically MHD boundary layer
ﬂow of a Maxwell ﬂuid past a stretching sheet in the presence of nanoparticles. Chen []
investigated the combined heat andmass transfer inMHD free convection from a vertical
surface with ohmic heating and viscous dissipation.
The study of ﬂuid ﬂow past a cylindrical geometry was performed by among others
Anwa et al. [], who studied mixed convection boundary layer ﬂow of a viscoelastic ﬂuid
over a horizontal cylinder. Deka et al. [] investigated transient free convection ﬂow past
an accelerated vertical cylinder in a rotating cylinder. Ribeiro et al. [] studied viscoelas-
tic ﬂow past a conﬁned cylinder with three dimensional eﬀects and stability. Patel and
Chhabra [] studied steady ﬂow of Bingham plastic ﬂuids past an elliptical cylinder.
Studies in porousmedia and viscous dissipation have been carried out by among others,
Awad et al. [] who studied natural convection of viscoelastic ﬂuid from a cone embedded
in a porousmediumwith viscous dissipation. Awad et al. [] investigated convection from
an inverted cone in a porous medium with cross diﬀusion eﬀects. Hayat et al. [] studied
heat and mass transfer for Soret and Dufour eﬀects on mixed convection boundary layer
ﬂow over a stretching vertical surface in a porous medium ﬁlled with a viscoelastic ﬂuid.
Cheng [] studied Soret and Dufour eﬀects on free convection boundary layer over a
vertical cylinder in a saturated porous medium. Chamkha and Rashad [] investigated
natural convection from a vertical permeable cone in nanoﬂuid saturated porous media
for uniform heat and nanoparticles volume fraction ﬂuxes.
In this study we investigate the eﬀects of radiation in MHD free convection of a Casson
ﬂuid from a horizontal circular cylinder with partial slip in non-Darcy porous medium
with viscous dissipation. The surface of the cylinder is perforated in which we have the
eﬀects of transpiration which acts transversely in the direction ξ . The force which causes
transpiration is sometimes called the Forchheimer drag force term –ξf ′, which appears
in the momentum equation (). This term is also associated with the geometry of the
porous medium. In this work we extended the work of Ramachandra et al. [] in which we
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introduced magnetic ﬁeld, radiation eﬀects and viscous dissipation. We also solved the
system of the resulting partial diﬀerential equations by the bi-variate quasilinearization
method (BQLM). The method is described in detail in Motsa et al. []. We study the
eﬀects of the magnetic ﬁeld, radiation. and the Eckert number on velocity and tempera-
ture proﬁles for diﬀerent values of the Casson parameter β , the local inertia (Forchheimer
parameter) , and the Darcian drag force coeﬃcient . The results of this work are vali-
dated by comparison with other methods, which are the successive linearization method
(SLM) and MATLAB’s routine ‘bvp4c’.
2 Mathematical formulation
The steady, laminar, two dimensional MHD free convection of a Casson ﬂuid ﬂow from a
horizontal circular cylinder with partial slip in a non-Darcy porous medium, with viscous
dissipation and radiation eﬀects, is considered. The ﬂuid is maintained at a uniform tem-
perature Tw (> T∞), the transpiration velocity Vw is in the direction ξ . x is the tangential
coordinate of the circle and y is the radial coordinate of the circle. u and v are the velocity
components in the x and y directions, respectively, as shown in Figure .
The rheological equation of state for an isotropic and incompressible ﬂow of a Casson





(μB + Py√π )eij, π > πc,
(μB + Py√πc )eij, π < πc,
()
π = eijeij and eij is the (i, j)th component of the deformation rate, π is the product of the de-
formation rate with itself, πc is a critical value of this product based on the non-Newtonian
model,μB is the plastic dynamic viscosity of the non-Newtonian ﬂuid, Py is the yield stress
of the ﬂuid.

















































Figure 1 Schematic of the problem circle in a Casson ﬂuid with transpiration.
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where u and v are the velocity components in the x and y directions, respectively, a is the
radius of the cylinder, ν is the kinematic viscosity of the Casson ﬂuid, β = μB
√
πc/Py is
the non-Newtonian Casson parameter, α = κ/ρCp is the thermal diﬀusivity, κ is thermal
conductivity of the ﬂuid, qr is the radiative heat ﬂux,Cp is the speciﬁc heat, g¯ is the acceler-
ation due to gravity, βT is the coeﬃcient of thermal expansions, and T is the temperature
of the ﬂuid. T∞ is the free stream temperature, ρ is the ﬂuid density, K¯ and 	 are the
permeability and inertia coeﬃcients respectively. σ is the electric conductivity and B is







where σ ∗ is the Stefan-Boltzmann constant and k∗ is the absorption coeﬃcient. If the
temperature diﬀerence within the ﬂow is such that T may be expanded in a Taylor series

































∂y , v = –Vw, T = Tw +K
∂T
∂Y , y = , ()
u→ , T → T∞, as y→ ∞, ()
where N is the velocity slip factor, K is the thermal slip factor. N = K =  corresponds
to no-slip conditions. The subscripts w and ∞ refer to surface and ambient conditions,
respectively.
We introduce the non-dimensional variables




 , Pr = ν
α
,
Gr = gβT (Tw – T∞)a

ν





 = 	a,  =

DaGr 










Introducing the stream function ψ and similarity variables
u = ∂ψ
∂y and v = –
∂ψ
∂x , ()
f (ξ ,η) = ψ
νξGr 
, θ (ξ ,η) = T – T∞Tw – T∞
, ()
using the stream function deﬁned in () and the similarity variable in (), ()-() to-
gether with the boundary conditions () and () reduce to the following system of partial


















































Sf f ′′, θ =  + STθ ′, ()
η → ∞, f ′ → , θ → , ()
where β is the Casson parameter,  is the Forchheimer parameter,  is the Darcian
drag coeﬃcient, M is the magnetic ﬁeld parameter, K is the radiation parameter, Pr is
the Prandtl number, Ec is the Eckert number, fw >  corresponds to suction, and fw < 
corresponds to blowing, Sf = NGr

 /L is the velocity slip factor, and ST = kGr

 /L is the
thermal slip factor. In the above equations the primes refer to the derivative with respect
to η. The engineering parameters of interest are the local skin friction and the localNusselt
numbers, which are deﬁned as follows.






























ξ f ′′(). ()







= –k(Tw – T∞)
aGr– 
Xθ ′(), ()





Equations () and () together with () and () give
NuGr–  = –θ ′(). ()
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3 Solutionmethod
In this sectionwe describe the implementation of the bi-variate quasilinearizationmethod
(BQLM) which is based on the quasilinearization method (QLM) which is described in
detail in Motsa et al. []. We apply the quasilinearization method (QLM) ﬁrst proposed
by Bellman and Kalaba [] to ()-(), which is based on the Taylor series expansion
with the assumption that the diﬀerences (fr+ – fr), (θr+ – θr), and all the derivatives are





f ′′′r+ + a,r(η, ξ )f ′′r+ + a,r(η, ξ )f ′r+ + a,r(η, ξ )fr+
+ a,r(η, ξ )
∂f ′r+
∂ξ
+ a,r(η, ξ )
∂fr+
∂ξ






θ ′′r+ + b,r(η, ξ )θ ′r+ + b,r(η, ξ )
∂θr+
∂ξ
= b,r(η, ξ ), ()
where











a,r = f ′′r , ()
a,r = –ξ f ′r , ()
a,r = ξ f ′′r , ()
a,r = frf ′′r – ( +ξ )
(
f ′r















b,r = –ξ f ′, ()













The solution for the now linear partial diﬀerential equations ()-() is obtained by ap-
proximating the exact solutions of f (η, ξ ) and θ (η, ξ ) by the Lagrange form of polynomial
F(η, ξ ) and (η, ξ ) at the selected collocation points,
 = ξ < ξ < ξ < · · · < ξNξ = .
The approximation for f (η, ξ ) and θ (η, ξ ) has the form
f (η, ξ )≈
Nξ∑
j=




θ (η, ξ )≈
Nξ∑
j=
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which obey the Kronecker delta equation
Lj(ξk) = δjk =
{
 if j = k,
 if j = k.
()
The equations for the solution of Fj(η) andj(η) are obtained by substituting ()-() into
()-() and letting the equations be satisﬁed at the points ξi, i = , , , . . . ,Nξ . To com-
pute the derivatives of the Lagrange polynomial analytically we transform ξ ∈ [,Lξ ] to
ζ ∈ [–, ], and then we choose Chebyshev-Gauss-Lobatto points ζi = cos iπNξ . After using
the linear transformation ξ = Lξ (ζ + )/, the derivatives of f ′ with respect to the colloca-
















di,jF ′j (η), i = , , , . . . ,Nξ , ()
where di,j = dLjdζ (ζi) (i = , , . . . ,Nξ ) are entries of the standard Chebyshev diﬀerentiation





F ′′′r+,i(η) + a
(i)
,rF ′′r+,i(η) + a
(i)






di,jF ′r+,i(η) + a(i),r
Nξ∑
j=















di,jr+,i(η) = b(i),r , ()
where a(i)k,r = ak,r(η, ξi) (k = , , , , , ) and b
(i)
k,r = bk,r(η, ξi) (k = , , ). Since the solution






F ′′′r+,i + a
(i)
,rF ′′r+,i + a
(i)











di,jFr+,i = a(i),r – a(i),rdi,Nξ F ′r+,Nξ – a
(i)
















= b(i),r – b
(i)
,rdi,Nξ r+,Nξ . ()
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For each ξi, ()-() forms a system of linear ordinary diﬀerential equations with variable
coeﬃcients. In this system we apply the Chebyshev spectral collocation independently in
the η direction by choosingNη+Chebyshev-Gauss-Lobatto points  = η < η < η < · · · <
ηNη = ηe, where ηe is a ﬁnite value that is chosen to be adequately large to approximate the
conditions at ∞. We now implement the collocation in the interval [,ηe] on the η-axis,
which is then transformed into the interval [–, ] using a linear transformation η = ηe(τ +
)/. The collocation points are chosen as τj = cos jπNη . The derivatives with respect to η are

















where p is the order of the derivative, D = 
ηe
D (j,k = , , , . . . ,Nη) with D being an (Nη +
)× (Nη + ) Chebyshev derivative matrix, and the vector Fr+,i is deﬁned as
Fr+,i =
[




r+,i(τ),r+,i(τ), . . . ,r+,i(τNη )
]T , ()













D + a(i),rD + a(i),rD + a(i),r , ()









D + b(i),rD, ()
R(i) = b(i),r – b(i),rdi,Nξ r+,Nξ . ()
ak,r (k = , , , , , ), bk,r (k = , , ) are the diagonal matrices with vectors [ak,r(τ),
ak,r(τ), . . . ,ak,r(τNx )]T and [bk,r(τ),bk,r(τ), . . . ,bk,r(τNx )]T . We then impose boundary con-




















A, A, · · · A,Nξ–
A, A, · · · A,Nξ–
...
... . . .
...
ANξ–, ANξ–, · · · ANξ–,Nξ–
  · · · 
  · · · 
...
... . . .
...
...
... . . .
...
  · · · 
  · · · 
...
... . . .
...
  · · · 
B, B, · · · B,Nξ–
B, B, · · · B,Nξ–
...
... . . .
...














































































































The above system is then solved as
FF =AA–RR. ()
We have
Ai,i =A(i) + a(i),rdi,iD + a(i),rdi,i,
Bi,i = B(i) + b(i),rdi,i, i = , , . . . ,Nξ – ,
()
Ai,j = a(i),rdi,jD + a(i),rdi,j, i = j,
Bi,j = b(i),rdi,j, i = j.
()
4 Results and discussion
In Table , we compare the results of the bi-variate quasilinearization method (BQLM) to
the successive linearization method (SLM) and MATLAB’s ‘bvp4c’ method. The results
of the BQLM are in excellent agreement with these two methods to seven decimal places
showing the accuracy of this method.
To understand the behavior of the velocity and temperature proﬁles the illustrations for
the numerical solution obtained are depicted as graphs in Figures -.
Figure  shows the inﬂuence of Casson parameter β on the velocity and the temper-
ature proﬁles at diﬀerent values of the Forchheimer parameter  in the case of velocity
proﬁles (see Figure (a)), and thermal slip factor ST in the case of temperature proﬁles
(see Figure (b)). Increasing the Casson parameter increases the velocity proﬁles close to
the boundary, as β → ∞, 
β
→ , the ﬂuid becomes Newtonian. The same result is noted
in Ramachandra et al. []. The diﬀerence in these results from those of Ramachandra et
al. [] is that there is a reverse eﬀect that is noted further away from the boundary. This
is due to the presence of the velocity slip factor which tends to assist ﬂow at the bound-
ary. Increasing the Forchheimer parameter reduce velocity proﬁles, this is caused by the
transpiration eﬀect taking place at the surface of the circle. Increasing the Casson pa-
rameter β reduces temperature proﬁles (see [–]). In the case of no thermal slip factor,
Table 1 Comparison of the values of the skin friction coefﬁcient and heat transfer coefﬁcient
obtained by BQLM against the SLM and bvp4c for β → ∞, =1 =M = ξ = K = fw = Sf =
ST = 0
Pr SLM bvp4c Present
f ′′(0) –θ ′(0) f ′′(0) –θ ′(0) f ′′(0) –θ ′(0)
1 0.87100777 0.42143140 0.81700776 0.42143144 0.81700776 0.42143144
10 0.54471433 0.88046306 0.54471423 0.88046307 0.54471422 0.88046307
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Figure 2 Effects of Casson parameter on (a) velocity and (b) temperature proﬁles for different  and
ST , at 1 = 0.5, K = 0.5, Pr = 1, Ec = 1,M = 1, fw = 0.5, Sf = 0.5.
Figure 3 Effects of magnetic parameter on (a) velocity and (b) temperature proﬁles for different Sf
and ST , at 1 = 0.5, K = 0.5, Pr = 1, Ec = 1, fw = 0.5,  = 0.5, β = 2.
Figure 4 Effects of radiation parameter on (a) velocity and (b) temperature proﬁles for different Sf
and ST , at β = 2,1 = 0.5, K = 0.5, Pr = 1, Ec = 1,M = 1, fw = 0.5,  = 0.5.
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Figure 5 Effects of 1 and Ec on (a) velocity and (b) temperature proﬁles for different fw , at β = 2,
 = 0.5, K = 0.5,M = 1, K = 0.5, Pr = 1, ST = 0.5.
Figure 6 Skin friction coefﬁcient vs. ξ for different Sf (a) and skin friction coefﬁcient vs. ξ for different
ST (b) at β = 2, 1 = 0.5, K = 0.5,M = 1, Pr = 1, Ec = 1, fw = 0.5,  = 0.5.
Figure 7 Heat transfer coefﬁcient vs. ξ for different Sf (a) and skin friction coefﬁcient vs. ξ for
different ST (b) at β = 2,1 = 0.5, K = 0.5,M = 1, Pr = 1, Ec = 1, fw = 0.5,  = 0.5.
Makanda et al. Boundary Value Problems  (2015) 2015:75 Page 12 of 14
Figure 8 Skin friction coefﬁcient vs. K for different Sf (a) and skin friction coefﬁcient vs. ξ for different
ST (b) at β = 2, 1 = 0.5,M = 1, Pr = 1, Ec = 1, fw = 0.5,  = 0.5.
higher temperature proﬁles are noticed and lower temperature proﬁles are noticed in
the presence of the thermal slip factor, as shown in Figure (b).
Figure  depicts the eﬀect of themagnetic parameterM on the velocity and temperature
proﬁles at diﬀerent values of the velocity slip factor Sf in the case of velocity proﬁles (see
Figure (a)), and thermal slip factor in the case of temperature proﬁles (see Figure (b)).
M suppress velocity proﬁles. A magnetic ﬁeld incident across a ﬂowing ﬂuid retards the
velocity of the ﬂow as noted in [, ]. The velocity proﬁles in the case of no-slip con-
ditions resemble those of Narayana et al. []. It is noted that the velocity proﬁles are
increased with the increase in the velocity slip factor as expected on a lubricated surface.
In Figure (b) the temperature proﬁles are increased with increasing magnetic parameter
and are decreased by the increase in the Forchheimer parameter . Increasing the iner-
tia causes more friction on the surface changing surface temperature, thereby causing the
observed thermal slip.
Figure  shows the eﬀect of the radiation parameter K on the velocity and temperature
proﬁles at diﬀerent values of the velocity slip factor Sf in the case of velocity proﬁles (see
Figure (a)), and thermal slip factor in the case of temperature proﬁles (see Figure (b)).
The same observation is noted in Figure (b); increasing K increases the temperature
proﬁles.
Figure  illustrates the velocity response to the change in the Darcian drag force term
 at diﬀerent values of the suction/injection parameter fw (see Figure (a)), and the ef-
fect of the Eckert number Ec at diﬀerent values of the suction/injection parameter fw (see
Figure (b)). In this case the  is inversely proportional to the Darcy number, Da (also
inversely proportional to the permeability of the medium). Increasing  decreases the
velocity proﬁles. It is noted that the case fw <  (blowing) assists the ﬂow, while the case
fw >  (suction) retards the velocity proﬁles. The diﬀerences of these results to those of
Ramachandra et al. [] are shown in the presence of a magnetic ﬁeld which generally tend
to suppress velocity proﬁles. The presence of viscous dissipation is also noted in the in-
crease in the temperature proﬁles. In Figure (b) increasing the Eckert number results in
the increase in the temperature proﬁles.
Figure  shows the plot of the skin friction coeﬃcient versus ξ for diﬀerent values of
both the velocity slip factor Sf (see Figure (a)), and the thermal slip factor ST (see Fig-
ure (b)). The skin friction coeﬃcient decreases with increasing velocity slip factor and
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also decreases with increasing ξ . In Figure (b) the skin friction coeﬃcient decreases with
increasing thermal slip factor.
Figure  shows the plot of the heat transfer coeﬃcient versus ξ for diﬀerent values of both
the velocity slip factor Sf (see Figure (a)), and the thermal slip factor ST (see Figure (b)).
It is noted that, at the surface of the circle, there is amore signiﬁcant change in heat transfer
than further away from the surface of the circle. In Figure (b) increasing the velocity slip
factor does not change the heat transfer at the surface. It is noticed that there is a large
diﬀerence in the heat transfer further away from the circle surface.
Figure  shows the plot of the skin friction coeﬃcient versus K for diﬀerent values of
both the velocity slip factor Sf (see Figure (a)), and the Nusselt number versus thermal
slip factor ST (see Figure (b)). In Figure (a) the skin friction coeﬃcient increases with
increasing thermal radiation K and decreases with increasing velocity slip factor, which
is expected on a lubricated surface. There is a noticeable diﬀerence in the skin friction
coeﬃcient at diﬀerent values of the velocity slip factor. In Figure (b) increasing the ther-
mal radiation decreases the heat transfer coeﬃcient. Increasing the thermal slip factor
increases the heat transfer coeﬃcient.
5 Conclusion
The study presented in this analysis of eﬀects of radiation on MHD free convection of
a Casson ﬂuid from a horizontal circular cylinder with partial slip in non-Darcy porous
mediumwith viscous dissipation provides numerical solutions for the boundary layer ﬂow
and heat transfer. The coupled nonlinear governing partial diﬀerential equations were
solved using the bi-variate quasilinearization method (BQLM) and validated by the suc-
cessive linearization method (SLM) and MATLAB’s ‘bvp4c’. This paper also describes
the BQLM numerical method which uses collocation methods in both directions η (di-
rection of increasing boundary layer thickness) and ξ (radial transpiration direction). The
most important results are those reﬂected in the presence of a magnetic ﬁeld and viscous
dissipation in a Casson ﬂuid, which were never reported before.
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